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Foreword

This interesting book promotes a new way of looking at structural analysis. It
suggests that the ability to work with the model (as distinct from the solution
process) is a primary issue which should be formally addressed in practice and
in education. The content is focused on modelling issues and I know of no other
text which does this so comprehensively.

The early chapters contain much advice necessary to help the reader establish
how to formulate a numerical model that might be capable of simulating the
performance of the actual structural system under investigation. The later chapters
include a good outline of the issues involved in modelling of structures using finite
elements. The two case studies given at the end of the book are a good device to put
the excellent advice given in the earlier sections into some perspective for the
reader.

I found it most useful to have in the same book a reminder of the theoretical
basis of the full range of finite element types and a sound method as to how to
employ analysis as a reflective tool towards a better understanding of structural
behaviour. The rigorous treatment for the process of validation of a model is
most enlightening as is that outlined for verification of the results. After all, the
iterative process of model validation and output verification are the main activities
for gaining a true understanding of structural behaviour.

My own experience working with Buro Happold tells me that robust structural
design requires the willingness to develop an understanding of structural behaviour
with a questioning mind. In most consulting offices, current practice is to under-
take this using finite element models of increasing complexity as understanding
of the problem at hand grows. Iain MacLeod describes clearly how to build up
this understanding using sensitivity analysis and simplified loadings to test validity
against expectations from parallel calculation and modelling experiences. It is
argued that risk will be reduced in practice if there is a rigorous analytical process
that reflects the realities of current engineering practice in most offices.

Most structures are of a reasonably conventional type and use well tried framing
systems. Substantial experience already exists on their likely performance so hand
calculations based on structural theory can be done to initiate formulation of the
model or to act as a check on the results. However, even advanced classical
methods struggle to model the sophistication of load paths in redundant or non-
linear structures where individual stiffness, material response and definition of
restraint determines structural performance. In this case, I have found that
comparison of the output of simplified analytical results with physical models
very useful as an addition to classical calculation — as advocated in the second
chapter.
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The book is thus both a useful reference for the practitioner and a comprehen-
sive learning guide for the student. It builds on the publication by the Institution of
Structural Engineers Guidelines for the Use of Computers for Engineering Calcula-
tion published in 2002. Its carefully constructed content successfully redresses the
imbalance in risk between the finite element process based around generally
determinate calculation output that has itself been derived from a possibly non-
determinate understanding of the actual modelling process. In the Introduction,
the author suggests that all structural engineers and all civil engineers who use
structural analysis will find the contents of the book to be useful. I think that he
is right.

Michael Dickson FIStructE
Director, Design and Technology Board, Buro Happold
President, Institution of Structural Engineers 2005-06



Contents

Acknowledgements

Foreword

1 Introduction

1.1
1.2
1.3
1.4

1.5
1.6
1.7

Scope and definitions

Why ‘modern’ structural analysis?

Issues for practice

Issues for education

1.4.1 The wider context

Finite elements

Accuracy of the information provided in the text
Website

2 Basic principles

2.1

2.2

2.3

2.4

Managing the analysis process

2.1.1 Quality management system

2.1.2  Use the modelling process

2.1.3 Competence

Modelling principles

2.2.1 Use the simplest practical model

2.2.2 Estimate results before you analyse

2.2.3 Increment the complexity

2.2.4 When you get results, assume that they may be errors

2.2.5 Troubleshooting for errors

2.2.6 Relationship between the analysis model and the design
code of practice

2.2.7 Case study — the Ronan Point collapse

Principles in the use of structural mechanics

2.3.1 Local and resultant stresses — the St Venant principle

2.3.2  Principle of superposition

2.3.3 Lower bound theorem in plasticity

Understanding structural behaviour

2.4.1 General

2.4.2 Model validation

2.4.3 Results verification and checking models

2.4.4 Sensitivity analysis

iii

AR W WD = = -

AN U

O OO0 00

11
11
11
11
11



viil

MODERN STRUCTURAL ANALYSIS

2.4.5 Solution comparisons

2.4.6 Convergence analysis

2.4.7 Identify patterns

2.4.8 Mathematics

2.4.9 Physical modelling and testing

3 The modelling process

3.1

32

33

34

3.5

3.6

3.7

3.8

Overview of the modelling process

3.1.1 General

3.1.2 Representations of the modelling process
3.1.3 Validation and verification

3.1.4 Error and uncertainty

Defining the system to be modelled

The model development process

3.3.1 Conceptual and computational models
3.3.2 Model options

Validation of the analysis model

3.4.1 Validation process

3.4.2 Validating the conceptual model

3.4.3 Validating the computational model
The solution process

3.5.1 Selecting software

3.5.2 Software validation and verification
3.5.3 Truncation error, ill-conditioning
Verifying the results

3.6.1 Acceptance criteria for results

3.6.2 Verification process

3.6.3 Checking models

3.6.4 Checking loadcase

The modelling review

3.7.1 Sensitivity analysis

3.7.2  Overall acceptance of the results

3.7.3 The modelling review document

Case studies

3.8.1 The Tay Bridge disaster

3.8.2 The Hartford Civic Center roof collapse
3.8.3 The Sleipner platform collapse

4 Modelling with finite elements

4.1
4.2

Introduction

Elements

4.2.1 Constitutive relationships
4.2.2 Line elements

4.2.3 Surface elements

13
14
14
14
14

15
15
15
15
17
17
18
18
18
19
19
19
20
20
21
21
21
22
22
22
22
23
25
25
25
25
25
26
26
27
27

29
29
29
29
30
30



CONTENTS

ix

43

4.4

4.5

4.6

5.1

52

5.3

4.2.4 Volume elements

4.2.5 Joint elements

4.2.6 Basic principles for the derivation of finite element
stiffness matrices

Mesh refinement

4.3.1 Discretisation error

4.3.2 Convergence

4.3.3 Singularities

4.3.4 Benchmark tests

4.3.5 Case study — mesh layouts for a cantilever bracket

4.3.6 Meshing principles

Case study — convergence analysis of a plane stress cantilever

beam model

4.4.1 General

4.4.2 The context

4.4.3 FElements used in the convergence analysis

4.4.4 Reference solution

4.4.5 Convergence parameters

4.4.6 Meshes

4.4.7 Results

4.4.8 Overview

Constraints

4.5.1 General

4.5.2 Rigid constraint conditions

4.5.3 Constraint equations

Symmetry

4.6.1 General

4.6.2 Mirror symmetry

4.6.3 Symmetry checking

Skeletal frames — modelling with line elements

Introduction

5.1.1 Members and elements

Bending

5.2.1 Background

5.2.2 Behaviour

5.2.3 Basic relationships for bending

5.2.4 Symmetric and asymmetric bending

5.2.5 Shear in bending

5.2.6 Combined bending and shear

5.2.7 Validation information for the engineers’ theory of
bending

Axial effects

5.3.1 Behaviour

5.3.2 Basic relationships

5.3.3 Validation information

32
33

34
36
36
36
37
38
38
39

41
41
41
41
42
43
44
44
45
46
46
46
47
48
48
48
50

51
51
52
52
52
52
53
53
54
56

56
58
58
59
59



MODERN STRUCTURAL ANALYSIS

54

5.5

5.6

5.7

5.8

59

5.10

5.11

5.12
5.13
5.14

Torsion

5.4.1 Behaviour

5.4.2 Basic relationships for shear torsion

5.4.3 Basic relationships for bending torsion

5.4.4 Combined torsion

5.4.5 Validation information for torsion

Bar elements and beam elements

5.5.1 Bar elements

5.5.2 Engineering beam elements

5.5.3 Higher-order beam elements

Connections

5.6.1 Basic connection types

5.6.2 Treatment of the finite depth of a beam using rigid links

5.6.3 Modelling beam-to-column connections in steelwork

5.6.4 Connections in concrete

5.6.5 Eccentricity of members at a joint

Distribution of load in skeletal frames

5.7.1 Vertical load in beam systems

5.7.2 Distribution of lateral load

Modelling curved and non-uniform members

5.8.1 Curved members

5.8.2 Case study — modelling of curved beams

5.8.3 Modelling members with non-uniform cross section

5.8.4 Case study — tapered cantilever

5.8.5 Cantilever with a tapered soffit

5.8.6 Haunched beams

Triangulated frames

5.9.1 Modelling issues

5.9.2  Euler buckling effect of members

Parallel chord trusses

5.10.1 General

5.10.2 Definitions

5.10.3 Behaviour

5.10.4 Equivalent beam model

Vierendeel frames

5.11.1 Definitions

5.11.2 Behaviour

5.11.3 Equivalent beam model

Grillage models

3D models

Plastic collapse of frames

5.14.1 Prediction of collapse loads — limit analysis

5.14.2 Prediction of plastic collapse using an iterated elastic
analysis

5.14.3 Prediction of plastic collapse using a finite element
solution

5.14.4 Validation information

60
60
61
62
63
63
64
64
64
66
66
66
68
68
71
72
74
74
75
75
75
75
77
77
79
79
79
79
80
80
80
81
81
82
85
85
86
86
87
88
88
88

88

89
89



CONTENTS Xi

6 Plates in bending and slabs 91
6.1 Introduction 91
6.2 Plate bending elements 91

6.2.1 Plate bending element basics 91
6.2.2 Validation information for biaxial plate bending 92
6.2.3 Output stresses and moments 92
6.2.4 Checking models for plates in bending 94
6.3 Concrete slabs 94
6.3.1 General 94
6.3.2 Element models for slab analysis 94
6.3.3 Reinforcing moments and forces for concrete slabs 95
6.3.4 Plate bending and shell element models 95
6.3.5 Shear lag effect 97
6.3.6 Plate grillage models for concrete slabs 98
6.3.7 Ribbed slabs 100

7

8

6.3.8 Plastic collapse of concrete slabs — the yield line method 101

Material models 103
7.1 Introduction 103
7.2 Linear elastic behaviour 103
7.2.1 General 103
7.2.2 Types of elastic behaviour 104
7.2.3 Values of elastic constants 104
7.2.4 Validation information for linear elastic materials 105
7.3 Non-linear material behaviour 106
7.3.1 Plasticity 106
7.3.2  Other non-linear constitutive relationships 108
Support models 109
8.1 Introduction 109
8.2 Modelling support fixity 109
8.2.1 General 109
8.2.2 Support requirements 109
8.2.3 Roller supports 110
8.2.4 Pin supports 112
8.2.5 Rotational restraint at a cantilever support 112
8.2.6 Rotational restraints at column bases 113
8.2.7 Slab supports 114
8.3 Modelling the ground 114
8.3.1 General 114
8.3.2 The Winkler model for soil behaviour 115
8.3.3 Half space models 116
8.3.4 Finite element models 117
8.4 Foundation structures 118

8.4.1 Ground beams 118



xii

MODERN STRUCTURAL ANALYSIS

8.4.2 Raft foundations
8.4.3 Piles

9 Loading

10

9.1
9.2
9.3
9.4
9.5
9.6
9.7

9.8

9.9
9.10

Introduction

Dead loading

Live loading

Wind loading

Earthquake loading

Fire

Temperature

9.7.1 General

9.7.2 Basic relationships
Influence lines for moving loads
9.8.1 General

9.8.2 Basic concept

9.8.3 Using influence lines
9.8.4 Defining influence lines

9.8.5 Validation information for the use of the Mueller—Breslau

method for defining influence lines
Prestressing
Impact loading
9.10.1 Gravity impact

Non-linear geometry

10.1

10.2

10.3

10.4

Introduction

10.1.1 Basic behaviour

10.1.2 Cantilever strut example — the P-A effect

Modelling for geometric non-linearity

10.2.1 Using the non-linear geometry option in finite element
packages

10.2.2 Use of the critical load ratio magnification factor

10.2.3 Case study — non-linear geometry analysis of a
cantilever

10.2.4 Validation information for non-linear geometry effects

Critical load analysis of skeletal frames

10.3.1 The Euler critical load for single members

10.3.2 Non-sway instability of a column in a frame

10.3.3 The critical load ratio for an axially loaded member of a

frame
10.3.4 Estimation of critical loads using eigenvalue extraction
10.3.5 Case study — eigenvalue analysis of a cantilever strut
Global critical load analysis of building structures

118
118

119
119
119
119
119
119
121
121
121
121
121
121
122
122
123

123
123
124
124

125
125
125
125
126

126
126

127
128
129
129
130

130
131
131
132



CONTENTS

xiii

11 Dynamic behaviour

11.1
11.2

11.3

11.4

11.5
11.6

Introduction

Dynamic behaviour of a single mass and spring system

11.2.1 Governing equation

11.2.2 Validation information for equation (11.1)

11.2.3 Free undamped vibration

11.2.4 Damping

Multi-degree of freedom systems

11.3.1 Basic behaviour

11.3.2 Governing equation for multi-degree of freedom
systems

11.3.3 Modelling for dynamic eigenvalue extraction

11.3.4 Verification of output for dynamic models

Resonance

11.4.1 Description

11.4.2 Systems subject to vibratory loading

Transient load

Checking models for natural frequencies

11.6.1 Single-span beams

11.6.2 The maximum deflection formula

11.6.3 Case study — use of equation (11.12)

11.6.4 Single mass and spring

11.6.5 Combinations of frequencies

12 Case studies

12.1

12.2

Case study 1 — vierendeel frame
12.1.1 General

12.1.2 Definition of the system to be modelled — the engineering

model
12.1.3 Model development
12.1.4 The analysis model
12.1.5 Model validation
12.1.6 Results verification
12.1.7 Sensitivity analysis
12.1.8 Overall acceptance
12.1.9 Modelling review document
Case study 2 — four-storey building
12.2.1 General

12.2.2 Definition of the system to be modelled — the engineering

model
12.2.3 Model development
12.2.4 Model validation
12.2.5 Results verification
12.2.6 Sensitivity analysis
12.2.7 Model review

134
134
134
134
135
136
136
137
137

138
139
139
139
139
140
141
141
141
141
142
142
143

144
144
144

144
144
146
147
147
153
155
155
155
155

155
157
160
162
169
170



Xiv MODERN STRUCTURAL ANALYSIS

Appendix — Tables of material and geometric properties 171
Bibliography 176
References 180

Index 183



3 The modelling process

3.1 Overview of the modelling process
3.1.1  General

The process discussed here is basically that advocated in other publications, for
example IstructE (2002), MacLeod (1995), NAFEMS (1995, 1999) and ISO 9001
(2000). It tends to be used in a formal way by those who specialise in analysis
modelling, and in a tacit way by many practitioners.

In order to reduce risk in analysis modelling a formal modelling process should
always be adopted. By formal is meant that a written record of the activities of
the process should be produced. Reasons for formalising the process include the
following:

e it helps to minimise the risks in the use of structural analysis
e it helps to avoid omission of important activities.

Making the process formal provides evidence of the use of good practice should the
adequacy of the modelling work be later questioned.

The process described here is for structural analysis contexts but it is directly rele-
vant to any analysis modelling situation (e.g. geotechnical models, hydraulic models,
etc.) and can be adapted to other types of model, such as physical models, etc.

3.1.2 Representations of the modelling process

A determinate process is one for which there is a unique result. Having decided on a
structural analysis model, the solution process provides an unique set of results and
hence is determinate. The only part of the modelling process which is determinate
is the solution process. A non-determinate process does not have a unique solution.
All the other activities of the modelling process have non-determinate outcomes
and therefore the overall modelling process is non-determinate.

Figure 3.1 and Table 3.1 give different views of the modelling process. Figure 3.1
is a flow diagram of the modelling process: the boxes represent outcomes (no fill for
the box) or subprocesses (grey fill for the box). Table 3.1 is another view of the
process, one which emphasises the need for acceptance criteria at each stage.

Although these views can be interpreted as implying a linear implementation,
the real process is likely to involve much looping back to previous stages — it
will not normally be linear. It is not possible to model such non-linearity and there-
fore Fig. 3.1 and Table 3.1 are not strictly definitions of process but rather are a list
(Fig. 3.1) and a matrix (Table 3.1) of activities and outcomes set out in an order in
which they normally first occur.
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Definition of the system to be modelled

Drawings and specifications which describe the system.
Requirements for the model, i.e. what features of behaviour need to be
modelled and the degree of accuracy required.

e a synthesis/design process
e subject to uncertainty

Model development process with the characteristics:
e non-determinate (there is no unique solution)

e assessment of the outcomes is validation

Model definition

data input for the software.

Definition of the analysis model in the form of

e an analysis process
e subject to error

Solution process with the characteristics:
e determinate (there is a unique solution)

e assessment of the outcomes is verification

I_Verified results

| Accepted results and modelling review

Figure 3.1 The modelling process.

Table 3.1 Modelling process matrix

A
Model development

B
Acceptance criteria

C
Model assurance

1 Input Define the system to

be modelled

2 Analysis model Define the analysis

model

3 Software Select suitable
software

4 Results Perform calculations
to get results

5 Review

6 Output Define the results to

be used for design

Define acceptance
criteria

Define acceptance
criteria
Define acceptance
criteria

Define overall
acceptance criteria

Validate the analysis
model

Software validation
and verification

Results verification

Carry our sensitivity
analysis

Accept or reject the
overall solution
Produce modelling
review document
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Table 3.2 Modelling activities checklist

Define the requirements
Validate the model
Verify the results
Review the outcomes

BN =

The process activities set out in Fig. 3.1 and Table 3.1 are normally used by those
who do structural analysis. What is often not standard is the treatment of some of
the activities in a formal way. In particular, the activities listed in Table 3.2 are
often not given enough attention or adequately recorded. Attention to these
activities can significantly reduce the risk inherent in structural analysis.

3.1.3 Validation and verification
The following definitions are used in this text (IStructE 2002).

e Validation is the consideration of whether or not a process is suited to its
purpose. The fundamental question in validation is: is the process capable of
satisfying the requirements? — or alternatively: is it the right process?

e Verification is the consideration of the question: has the process been
implemented correctly? — or alternatively: is the process right?

These definitions are in general agreement with those given in ISO 9001 (2000).

3.1.4  Error and uncertainty

In a modelling process, it is necessary to work with the deviations between the
benchmark value of a variable and the value that you have. The benchmark
value is the desired value of the variable. This leads to the following view of the
difference between error and uncertainty.

e FErrorisdeviation where the benchmark value is ‘exact’ — see Section 2.4.5. It is
the result of a determinate process. For example, a set of simultancous equa-
tions normally has a potentially exact solution (although real solutions are
always approximations). Similarly, the value of 7 is potentially exact (although
there will always be an error in stating it).

e Uncertainty is the situation where there is no unique result against which given
values can be compared. The outcomes from a non-determinate process are
subject to uncertainty, as are the values of material constants. For example,
there is no unique value for the value of Young’s modulus of concrete
(Section 7.2.4); the value depends on how it is measured, and even if the
same method is used each time there will be differences in the results for
every measurement.

In verification, error tends to be the main consideration, and in validation,
uncertainty tends to dominate. Appreciation of the difference between error and
uncertainty is important because the tolerance in acceptability is likely to be
much greater for uncertainty than for error, as shown in the following examples.
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e In defining stiffness for a soil, a deviation (uncertainty) of 10% could be
satisfactory.

e In the solution of the system equations in a finite element model, an error check
for equilibrium or symmetry should compare up to the last significant figures
in the output value. Normal double precision arithmetic for finite element
solutions gives 13 significant figures, so the sought accuracy is of the order
of 10712 — see example in Section 12.1.6.

3.2 Defining the system to be modelled
The definition of the system to be modelled is sometimes called the engineering
model (IStructE 2002). Items to be considered include the following:

e Portrayal of the engineering system to be modelled — this would be mainly in the
form of drawings, sketches and specifications.

® Requirements of the model — it is essential to define the outcomes that are
required from the modelling activity. Typical objectives of modelling are to
predict:

stresses or stress resultants

failure conditions

short-term deformations

long-term deformations

instability conditions

dynamic characteristics.

O O O O O O

One of the requirements should be a statement of the desired accuracy of the
results. This will depend on the context and, especially, on the degree of risk
involved, both with respect to the consequences of failure and to the degree of
innovation involved.

3.3 The model development process

3.3.1 Conceptual and computational models
The analysis model is the mathematical representation of the system. It has two
components (IStructE 2002).

e The conceptual model is defined in terms of material behaviour, loading,
boundary conditions, etc. For example, in the analysis of a floor slab the
conceptual model could involve linear elastic material behaviour, thin plate
bending theory and point supports.

e The computational model incorporates the means of achieving a solution. In
the case of the floor slab model, the computational model could be based on
a specific plate bending finite element mesh (Section 6.3.4) or a grillage
model (Section 6.3.6). In some cases the boundary conditions may be part of
the computational model; for example, an elastic half-space conceptual
model can be reduced to a finite size in the computational model by imposing
boundary conditions — see Fig. 8.9. In some situations, for example for elastic
frame analysis, computational modelling issues may seldom need to be
addressed.
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follow-through principles 7—8
force deformation, axial effects 59
formal, definition 15
foundation structures 109, 118
four-storey buildings

braced frames 163, 165-6, 166

case studies 155-70

checking models 164-5, 164

connections 159

elements 157-9

meshes 157-9, 161
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orthotropic 31 four-storey buildings 162—-3
patch test models 37, 37, 38 Vierendeel frames 149—50
point loads 58, 59 quality management systems 5
simply supported beams 9, 9
triangular element refinement 27/ raft foundations 118
validation 31 re-entrant corners 37—8
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symbols four-storey buildings 160—1
restraints 110 information 10
see also notation axial effects 59
symmetry 23, 48—50, 48, 49, 50 bending 56—8
bending 53-4, 54 concrete slabs 100
checking 50, 162 grillage models 100
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